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 A report of the investigation into Virginia 
Commonwealth University’s (VCU) first experiments 
with memory resistors, or memristors.  This paper 
includes a review of the fabrication process as well as 
a brief theoretical discussion and modeling of the 
device characteristics.   



I. Introduction 
 
Leon Chua observed in 1970 a missing link in the 
relationships between charge, current, flux and 
voltage (q, i, , and v respectively).  Until his 
observation, it had been known that 
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but no definition existed relating  to q.  Thus, Chua 
defined the memory resistor  
 

, (6) 

 
where M is the memristance.  Thirty-eight years later, 
Hewlett Packard announced their discovery of the 
“the missing memristor” [1].  The devices from this 
paper, fabricated at the W-VMC clean room at VCU, 
were designed based on the Pt/Ti02/Pt memristors 
described in [2]. 
 

II. Fabrication 
 
The device wafers were p-type <100> Si wafers.  An 
850-950 Å insulating SiO2 was grown at 1000o C in a 
dry O2 ambient.  A 5 nm Ti adhesive later was e-
beam evaporated onto the oxide; then, the bottom 15 
nm Pt electrodes were e-beam evaporated onto the Ti 
adhesive layer.  10 nm of TiO2 was deposited with 
ALD using a titanium isopropoxide precursor and 

H2O oxidizing agent.  (It is important to note here that 
the device wafers from the summer work are not 
complete).  The final fabrication steps include a 300o 

C annealing step in a N2 ambient.  This step is used 
primarily to create oxygen vacancies in the TiO2 film.  
The final step is a 30 nm top electrode e-beam 
evaporation.  A Pt/TiO2/TiO2-x/Pt memristor is shown 
in Fig 1.   
 

 
Fig 1. Memory Resistor Cross Section.  The top and bottom 

silver areas are platinum electrodes.  The dark green region is 
perfectly stoichiometric TiO2; the light green region is oxygen 

depleted TiO2-x. W and D are lengths and Ron and Roff are 
resistances. 

 
III. Theory 
 
A memory resistor is a passive, two-terminal 
dynamical device.  Its resistance changes are caused 
by flowing current that modifies physical properties 
of the device.  This change stops with the cessation of 
current flow and maintains its state with regeneration 
of current flow.  Memristance was originally defined 
strictly as a function of the state variable q [1], but it 
was later generalized into a class called memristors 
called memristive systems [3].  These systems are 
described mathematically as 
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where  is a function of the state variable(s) , 
and  



,  (8) 

 
defines the time derivative of  as a function of both 
the state variable(s) of the device and current through 
the device. 
 The physical Pt/TiO2/TiO2-x/Pt memristor 
device discussed in this paper will be modeled using 
the strategies from [4].  First, voltage is defined as 

1  (9) 

where Ron is the doped (oxygen depleted) region of 
Ti02-x, Roff is an undoped perfectly stoichiometric 
region of TiO2 (see Fig 1), and x(t) exists on the 
interval [0 1] and represents the ratio W/D from Fig 1.  
In this way, x(t) acts like a variable resistor.  At x(t)=0, 
Roff  is dominant, and at x(t)=1, Ron is dominant.  In 
this model, current through the device is proportional 
to the time derivative of x(t) 
 

 (10) 

 
where  has units of .  Now, (9) can be rewritten 
as a first-order differential equation 

1  (11) 
 

where 

. 
(12) 

 
Integrating (11) yields 

. (13) 

Finally, the state variable x can be solved for using 
the quadratic formula 
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(14) 

 
yielding a solution for x which describes the changing 
width of the doped TiO2-x region as the ratio W/D 
(width of TiO2-x/total oxide width).  Using an input 
voltage v=sin(wt) and (4) it is seen that  

1
cos . (15) 

Replacing (15) into (14) and taking the time 
derivative of (14) provides a solution proportional to 
the current. 
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Finally, using (10) in (16) yields a solution for current 
through a Pt/Ti02-x/Pt memristor with an applied 
voltage v=sin(wt). 
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IV. Modeling 
 
With no complete devices, the memristor 
characteristics will be modeled using the discussed 
equations in Matlab.  Fig 2 demonstrates the pinched 
hysteresis loop which is characteristic of the 
memristor I-V curve.  This particular solution is 
derived using a sinusoidal current source.  The current 
source behavior is different from a voltage source as 
will be discussed shortly.  The ON and OFF states 
indicated in Fig 2 correspond indirectly to the 
minimum and maximum resistance values, Ron and 
Roff respectively.  This binary state capability is an 
attractive attribute to engineers interested in non-
volatile memory.  The ON-OFF states are stored in 
the powerless device; power consumption only occurs 
during reading/writing phases.  It is important to note 
that in Fig 2 when v=0 v, i=0 mA.  This distinct 
pinched shape at the center of the curve must exist for 
the memristor to be defined as memristive system [3].  



The time domain for this device can be seen in Fig 3.  
There is a unique kink in the voltage curve near i = v 
= 0.  This kink seems to be characteristic of the 
current source solution method.  

Fig 2. I-V Curve for Memristor.  Voltage is in volts (v) and 
current in milliamps (mA).  The device is modeled with a current 

source i(t) = iosin(wt).  Taking the time derivative of current, 
and using (x) allows the voltage was calculated v(t)=M(q)i(t).  r 

= Roff/Ron = 160, B=.01 Wb, and w=2pi/B. 
 

 
Fig 3.  Time domain of the device from Fig X. (Current is the 

blue solid line, and voltage is the green dotted line. 
 
At this juncture, it seems appropriate to analyze a 
voltage source as an input signal.  The solutions for 
voltage and current source inputs are significantly 
different; consequently, the device behavior is 
dependent on the source type (current or voltage).  
Compare Fig 3 to Fig 4 (a).  The latter shows the time 
domain characteristics from the voltage source, 

v=vosin(wt).  Here, the voltage curve maintains the 
sinusoidal shape while the current curve experiences a 
forward lean.  Again, as before, both i and v meet at 
zero.  Fig 4 (b) shows x(t).  Its axes is in terms of the 
ratio W/D.  These geometries are labeled in Fig 1.  
The maxima in Fig 4 (b) are the points at which the 
time derivative of voltage is at its minimum.  Another 
point of interest is the general relationship between 
the maxima and minima in (a) to the maxima and 
minima in (b).  When W/D is at a maximum 
(minimum), the integral of i over a unit of time, Δt, is 
at a minimum (maximum).  This is physically 
reasonable: as W/D approaches 1 (zero), the device is 
maximally (minimally) conductive and will therefore 
pass the maximum (minimum) charge per unit time, 
Δt.   

 

 
Fig 4. Voltage, current, and ion migration over time. 

 
V. Conclusions 
 
The actual wafers fabricated during the summer have 
~10 nm of a TiO2 film from ALD.  The wafers still 
need doping and metallization.  According to [5] each 
new device must also go through a forming step 
which occurs at approximately +8 V and 10 uA.  
With a nearly 5,000 devices on each wafer, it is likely 
that there will be a working memristor and that it will 
be have similarly to the models described in this 
paper.   
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